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Group cohomology and property (T)

Generalization: symmetries must have fixed points

Definition

G has Kazhdan’s property (T) if every continuous isometric affine
action of G on a real Hilbert space has a fixed point.

Theorem (Shalom et. al.)

G has Kazhdan’s property (T) if H1(G , π) = 0 for every
orthogonal representation π : G → B(H).
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Applications – expanders

Expanders – sparse graphs with good connectivity properties

G = (V ,E )

Cheeger constant: h(G ) = inf1≤#A≤#V /2
#E(A,V \A)

#A

Expander family: |Gn| → ∞ s.t. lim infn→∞
h(Gn)

deg(Gn)
> 0

(T) yields expanders: Gn := G/Nn, G has (T) (Margulis ’80s)
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Applications – Product Replacement Algorithm

Product Replacement Algorithm – generating random
elements in groups (Leedham-Green and Soicher, 1995)

one observed good performance of PRA in practice ...

... good performance of PRA would follow from property (T)
of Aut(Fn) (Lubotzky and Pak, 2000)

Theorem (Kaluba, Kielak, Nowak, Ozawa, 2019, 2021)

Aut(Fn) has property (T) if n ≥ 5.
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Group ring conditions and an application to SLn(Z)

Theorem (Ozawa, 2016)

G has property (T) iff there exists λ > 0 such that ∆2 − λ∆ ≥ 0.

Theorem (Bader, Nowak, Sauer, 2020, 2023)

G has property (T) iff there exists λ > 0 such that ∆1 − λI ≥ 0.

Theorem (Kaluba, M., 2023)

For SLn(Z), one has ∆1 − 0.217(n − 2)I ≥ 0.
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Group ring conditions – definitions

the group ring: RG = {
∑

g∈G λgg |λg ∈ R}

∗-involution in RG : ξ∗ =
∑

g∈G ξgg
−1

∗-involution in Mm×n(RG ): (M∗)i ,j = (Mj ,i )
∗

M ≥ 0 iff there exist M1, . . . ,Ml ∈ Mn×n(RG ) such that

M = M∗
1M1 + · · · + M∗

l Ml .

∆ ∈ RG , ∆1 ∈ M|S |×|S |(RG )
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Laplacian definitions

G = ⟨s1, . . . , sn|r1, . . . , rm⟩

d0 =

1 − s1
...

1 − sn


Jacobian: d1 =

[
∂ri
∂sj

]
∆ = d∗

0d0 =
∑n

i=1(1 − si )
∗(1 − si )

∆1 = d∗
1d1 + d0d

∗
0
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Fox derivatives

G = ⟨s1, . . . , sn|r1, . . . , rm⟩

Definition (Fox, ’50s)

The differentials ∂
∂sj

: RFn → RG , Fn = ⟨s1, . . . , sn⟩ are defined by:

∂si
∂sj

= δi,j ,
∂s−1

j

∂sj
= −s−1

j , and
∂s±1

i

∂sj
= 0 for i ̸= j

product rule: ∂(uv)
∂sj

= ∂u
∂sj

+ u ∂v
∂sj

.

Definition (Fox, ’50s)

The Fox derivatives are the elements ∂ri
∂sj

∈ RG .
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Presentations of SLn(Z) and SAut(Fn)

SLn(Z) =
〈
Eij

∣∣[Eij ,Ekl ], [Eij ,Ejk ]E−1
ik , . . .

〉
SAut(Fn) =

〈
λij , ρij

∣∣R, . . .
〉

R : [λi ,j , ρij ], [λij , λkl ], [ρij , ρkl ], [λij , ρkl ],

[λij , λkj ], [ρij , ρkj ], [λij , ρik ], [λi ,j , ρkj ],

λ±
ik [λ±

jk , λ
−1
ij ], ρ±ik [ρ±jk , ρ

−1
ij ], λ±

ik [ρ∓jk , λij ], ρ±ik [λ∓
jk , ρij ]

λij(sk) =

{
sjsi if k = i ,

sk otherwise,
ρij(sk) =

{
si sj if k = i ,

sk otherwise.
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Decomposition of ∆2

Kaluba, Kielak, Nowak, 2021: ∆2 = Sq + Adj + Op

En – edges of the standard n-simplex

Sq =
∑

e∈En
∆2

e

Adj =
∑

e∈En

(
∆e

∑
f ∈Adj(e) ∆f

)
Op =

∑
e∈En

(
∆e

∑
f ∈Op(e) ∆f

)
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(
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s,t
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∑

r∈OpR

(
∂r
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)∗ ∂r
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Induction strategy

Observation: R ⊆ R′, (∆1)R − λI ≥ 0 ⇒ (∆1)R′ − λI ≥ 0

∆2(Kaluba,Kielak ,Nowak):

Sq,Op ≥ 0

Adjm +k Opm −λ∆m ≥
0 ⇒ ∆2

n − λ′∆n ≥ 0 for
n ≫ m

∆1:

Sq±,Op+ +2 Op− ≥ 0

Adjm −λI ≥ 0 ⇒
Adjn −λ′I ≥ 0 for n ≥ m
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Motivation Induction – idea Induction for ∆1 Final remarks

Positivity of square and opposite parts

Lemma

The matrices Sq−
n and Op+

n +2 Op−
n are positive.

Proof.

Sq−
n =

∑
1≤i ̸=j≤n d

i,j
(
d i,j

)∗
, d i,j – column vector with 1 − s for s

on indices i and j

diagonal part of Op− vanishes, and for Op+ is positive

the rest cancels out:(
Op+

n

)
αij ,βkl

=

(
∂[αij , βkl ]

∂αij

)∗
∂[αij , βkl ]

∂βkl
+

(
∂[βkl , αij ]

∂αij

)∗
∂[βkl , αij ]

∂βkl

= −2(1 − αij)(1 − βkl)
∗.
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Symmetrization

Gn = SLn(Z), SAut(Fn)

the symmetric group Σn acts on Gn: ωi ,j 7→ ωσ(i),σ(j)

this induces the action on M|Sn|×|Sn|(RGn):
(σA)s,t = σ

(
Aσ−1s,σ−1t

)
observation: σA ≥ 0, provided A ≥ 0

Adjn ≈
∑

σ∈Σn
σÃdjm for n ≥ m, provided Adjm is

Σm-invariant



Motivation Induction – idea Induction for ∆1 Final remarks

Symmetrization

Gn = SLn(Z), SAut(Fn)

the symmetric group Σn acts on Gn: ωi ,j 7→ ωσ(i),σ(j)

this induces the action on M|Sn|×|Sn|(RGn):
(σA)s,t = σ

(
Aσ−1s,σ−1t

)
observation: σA ≥ 0, provided A ≥ 0

Adjn ≈
∑

σ∈Σn
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Invariance of Adj

recall: Adj = Adj− + Adj+

invariance for Adj−:(
σ Adj−

)
s,t

= σ
(

Adj−
σ−1s,σ−1t

)
= σ

((
1 − σ−1s

) (
1 − σ−1t

)∗)
= (1 − s)(1 − t)∗ = Adj−s,t .

invariance for Adj+ follows from the equivariance of the
Jacobian d1
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Equivariance of the Jacobian

G = ⟨s1, . . . , sK |r1, . . . , rL⟩

observation: the action of Σm on Gm lifts to the action on the
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Spectral gaps for SLn(Z)

Theorem (Kaluba,M., Nowak, 2022)

∆1 − 0.32I ≥ 0 for SL3(Z).

not sufficient for induction! – we need Adj:

Theorem (Kaluba, M., 2023)

Adj−0.217I ≥ 0 for SL3(Z).

Corollary (Kaluba, M., 2023)

For SLn(Z), one has ∆1 − 0.217(n − 2)I ≥ 0.
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Spectral gaps for ∆ and ∆1

recall:
Ozawa: (T) ⇔ ∆2 − λ∆ ≥ 0,
Bader, Nowak, Sauer: (T) ⇔ ∆1 − λI ≥ 0

d0 =

1 − si
...

1 − sn

, ∆ = d∗
0d0, ∆1 = d0d

∗
0 + d∗

1d1

d1d0 = 0

∆1 − λI ≥ 0 ⇒ ∆2 − λ∆ = d∗
0 (∆1 − λI ) d0 ≥ 0
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Diminishing the support – what we have

for SL3(Z), ∆1 − 0.32I ≥ 0, i.e. there exist such that
∆1 − 0.32I = M∗

1M1 + . . .M∗
kMk

Mi can be supported on ball of radius 1 with respect to
Jacobian support! – consisting of 19 elements only

if we try to do the same for Adj part, we end up with negative
λ ...

... on other hand, for SL4(Z) , we have
Adj−0.009I = N∗

1N1 + . . .N∗
l Nl for Nl supported on ball of

radius 1



Motivation Induction – idea Induction for ∆1 Final remarks

Diminishing the support – what we have

for SL3(Z), ∆1 − 0.32I ≥ 0, i.e. there exist such that
∆1 − 0.32I = M∗

1M1 + . . .M∗
kMk

Mi can be supported on ball of radius 1 with respect to
Jacobian support! – consisting of 19 elements only

if we try to do the same for Adj part, we end up with negative
λ ...

... on other hand, for SL4(Z) , we have
Adj−0.009I = N∗

1N1 + . . .N∗
l Nl for Nl supported on ball of

radius 1



Motivation Induction – idea Induction for ∆1 Final remarks

Diminishing the support – what we have

for SL3(Z), ∆1 − 0.32I ≥ 0, i.e. there exist such that
∆1 − 0.32I = M∗

1M1 + . . .M∗
kMk

Mi can be supported on ball of radius 1 with respect to
Jacobian support! – consisting of 19 elements only

if we try to do the same for Adj part, we end up with negative
λ ...

... on other hand, for SL4(Z) , we have
Adj−0.009I = N∗

1N1 + . . .N∗
l Nl for Nl supported on ball of

radius 1



Motivation Induction – idea Induction for ∆1 Final remarks

Diminishing the support – what we have

for SL3(Z), ∆1 − 0.32I ≥ 0, i.e. there exist such that
∆1 − 0.32I = M∗

1M1 + . . .M∗
kMk

Mi can be supported on ball of radius 1 with respect to
Jacobian support! – consisting of 19 elements only

if we try to do the same for Adj part, we end up with negative
λ ...

... on other hand, for SL4(Z) , we have
Adj−0.009I = N∗

1N1 + . . .N∗
l Nl for Nl supported on ball of

radius 1



Motivation Induction – idea Induction for ∆1 Final remarks

Diminishing the support – what we have

for SL3(Z), ∆1 − 0.32I ≥ 0, i.e. there exist such that
∆1 − 0.32I = M∗

1M1 + . . .M∗
kMk

Mi can be supported on ball of radius 1 with respect to
Jacobian support! – consisting of 19 elements only

if we try to do the same for Adj part, we end up with negative
λ ...

... on other hand, for SL4(Z) , we have
Adj−0.009I = N∗

1N1 + . . .N∗
l Nl for Nl supported on ball of

radius 1



Motivation Induction – idea Induction for ∆1 Final remarks

Diminishing the support – Zuk’s like condition?

G = ⟨S | . . .⟩, S – symmetric, i.e. S is the ball of radius 1 with
respect to itself

Γ = (V ,E ), V = S , E = {(s, t)|s−1t ∈ S}

∆Γ : ℓ2(V ) → ℓ2(V ), ∆Γf (s) = f (s) − 1
deg(s)

∑
(s,s′)∈E f (s ′)

Theorem (Żuk, 2003)

If λ1 >
1
2 , where λ1 is the smallest non-zero eigenvalue of ∆Γ,

then G has property (T).

follow up problem: can we do something similar for ∆1?
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Thank you for your
attention!
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